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EXTENDING SURJECTIVE ISOMETRIES DEFINED ON THE
UNIT SPHERE OF ℓ∞(Γ)
ANTONIO M. PERALTA
Abstract. Let Γ be an infinite set equipped with the discrete topology. We
prove that the space ℓ∞(Γ), of all complex-valued bounded functions on Γ,
satisfies the Mazur-Ulam property, that is, every surjective isometry from the
unit sphere of ℓ∞(Γ) onto the unit sphere of an arbitrary complex Banach
space X admits a unique extension to a surjective real linear isometry from
ℓ∞(Γ) to X.
1. Introduction
A result established by D. Tingley in 1987 proves that a surjective isometry ∆
between the unit spheres of two finite dimensional Banach spaces preserves antipo-
dal points, that is, f(−x) = −f(x) for every x in the unit sphere of the domain
space (see [22]). This contribution has served as stimulus and motivation to the
growing interest on the so-called Tingley’s problem which can be stated as follows:
Let X and Y be Banach spaces whose unit spheres are denoted by S(X) and S(Y ),
respectively. Suppose ∆ : S(X) → S(Y ) is a surjective isometry. Does ∆ admits
an extension to a surjective real linear isometry from X onto Y ?
Tingley’s problem remains open even in the case in which X and Y are 2-
dimensional Banach spaces. A considerable number of interesting results have
shown that Tingley’s problem admits a positive answer in “classical” Banach spaces
like ℓp(Γ) spaces with 1 ≤ p ≤ ∞ (G.G. Ding [2, 3, 4] and [5]), Lp(Ω,Σ, µ) spaces,
where (Ω,Σ, µ) is a σ-finite measure space and 1 ≤ p ≤ ∞ (D. Tan [16, 17] and
[18]), C0(L) spaces (R.S. Wang [23]), finite dimensional polyhedral Banach spaces
(V. Kadets and M. Mart´ın [13]), finite dimensional C∗-algebras and finite von Neu-
mann algebras (R. Tanaka [21]), compact linear operators on a complex Hilbert
space (A.M. Peralta and R. Tanaka [15]), trace class operators (F.J. Ferna´ndez-
Polo, J.J. Garce´s, A.M. Peralta and I. Villanueva [7]), bounded linear operators
on a complex Hilbert space, weakly compact JB∗-triples and atomic JBW∗-triples
(F.J. Ferna´ndez-Polo, A.M. Peralta [8, 9, 10]), and more recently von Neumann
algebras (F.J. Ferna´ndez-Polo, A.M. Peralta [11]), among others.
A Banach space X satisfies the Mazur-Ulam property if for every Banach space
Y , Tingley’s problem admits a positive solution for every surjective isometry ∆ :
S(X)→ S(Y ).
Let Γ be an infinite set (equipped with the discrete topology). Accordingly to the
standard notation, c0(Γ) will denote the space of all functions x : Γ→ C such that,
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for all ε > 0, the set {n ∈ Γ : |x(n)| ≥ ε} is finite. We consider c0(Γ) as a Banach
space equipped with the supremum norm. In a recent contribution, we prove that
the space c0(Γ) satisfies the Mazur-Ulam property, that is, every surjective isometry
from the unit sphere of c0(Γ) to the unit sphere of an arbitrary complex Banach
space X admits a unique extension to a surjective real linear isometry from c0(Γ)
onto X (see [12]).
The main result in [12] provides what is probably the first example of a complex
Banach space satisfying the Mazur-Ulam property. Prior contributions showed that
the spaces c0(Γ,R), of real null sequences, and ℓ∞(Γ,R), of all bounded real-valued
functions on a discrete set Γ, satisfy the Mazur-Ulam property (see [6, Corollary
2], [14, Main Theorem]). Another examples of Banach spaces satisfying the Mazur-
Ulam property are the space C(K,R), of all real-valued continuous functions on
a compact Hausdorff space K [14, Corollary 6], and the spaces Lp((Ω,Σ, µ),R) of
real-valued measurable functions on an arbitrary σ-finite measure space (Ω,Σ, µ)
for all 1 ≤ p ≤ ∞ [17, 16, 18]. Although, a surjective linear isometry between
the unit spheres of two complex Banach spaces need not admit an extension to a
complex linear surjective isometry between the spaces (consider, for example, the
conjugation on S(C)), the recent contributions on Tingley’s problem for (complex)
sequence spaces and operator algebras (compare [19, 20, 21, 7, 9, 11] and the recent
reference [12]) show the interest and attractiveness of the study of the Mazur-Ulam
property in the setting of complex Banach spaces.
It is conjectured in [12] that the space ℓ∞(Γ) also satisfies the Mazur-Ulam
property. However, the techniques in the just quoted paper are not enough to
prove this affirmation. In this note we provide a proof for this conjecture, and we
confirm that the space ℓ∞(Γ) satisfies the Mazur-Ulam property. The main result
reads as follows:
Theorem 1.1. Let Γ be an infinite set. Then, the space ℓ∞(Γ) satisfies the Mazur-
Ulam property, that is, for each Banach space X, every surjective isometry ∆ :
S(ℓ∞(Γ)) → S(X) admits a unique extension to a surjective real linear isometry
from ℓ∞(Γ) onto X.
The strategy in this note is to improve the geometric study developed in [12] to
establish that c0(Γ) satisfies the Mazur-Ulam property. Here, instead of considering
minimal projections in c0(Γ), we consider general non-zero partial isometries in
ℓ∞(Γ). We shall show that a surjective isometry ∆ : S(ℓ∞(Γ)) → S(X) maps
every finite family of mutually orthogonal non-zero partial isometries in ℓ∞(Γ) to
a completely M -orthogonal set in X (Proposition 2.7). This geometric argument
is combined with the fact that we can define a real linear product ⊙ on ℓ∞(Γ)
satisfying λ∆(v) = ∆(λ ⊙ v), for every non-zero partial isometry v ∈ ℓ∞(Γ) and
every λ ∈ C with |λ| = 1 (see Lemma 2.6), to show a real linear behavior of the
homogeneous extension of ∆ on algebraic elements. The norm density of algebraic
elements provides the final argument. The geometric arguments in this note are
completely new compared with those in [12]. In striving for conciseness, we shall
base our starting point on some of the ideas and arguments developed in [12, 14]
and [4].
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2. Proof of the main theorem
We begin gathering some results established in [12]. Henceforth, for k in Γ, the
symbol en will denote the function in ℓ∞(Γ) satisfying en(n) = 1 and en(k) = 0,
for all k ∈ Γ with n 6= k. Given n ∈ Γ and λ ∈ T, we set
A(n, λ) := {x ∈ S(ℓ∞(Γ)) : x(n) = λ}.
It is known that A(n, λ) is a maximal norm closed face of the closed unit ball of
ℓ∞.
Henceforth, the closed unit ball of a Banach space X will be denoted by BX .
The next lemma was established in [12].
Lemma 2.1. [12, Lemma 2.1 and Proposition 3.4] Let Γ be an infinite set, let X
be a Banach space, and let ∆ : S(ℓ∞(Γ)) → S(X) be a surjective isometry. Then,
for each n ∈ Γ and each λ ∈ T, the set
supp(n, λ) := {ϕ ∈ X∗ : ‖ϕ‖ = 1, and ϕ−1({1}) ∩ S(X) = ∆(A(n, λ))}
is a non-empty weak∗-closed face of Bℓ∞(Γ).
Furthermore, if n0 is an element in Γ and ϕ is an element in supp(n0, λ) with
λ ∈ T, then ϕ∆(x) = 0 for every x ∈ S(ℓ∞(Γ)) with x(n0) = 0. 
The next lemma is a straight consequence of Lemma 2.1. We recall that an
element v in ℓ∞(Γ) is a partial isometry if and only if vv
∗ is a projection (i.e.
|v(k)|(1 − |v(k)|) = 0, for all k ∈ Γ).
Lemma 2.2. Let Γ be an infinite set, let X be a complex Banach space, and
let ∆ : S(ℓ∞(Γ)) → S(X) be a surjective isometry. Let v be a non-zero partial
isometry in ℓ∞(Γ), and let n be an element in Γ. Suppose that ϕ∆(v) = 0 for every
ϕ ∈ supp(n, λ), and every λ ∈ T. Then v(n) = 0. .
Let k be an entire number bigger than or equal to 2. Following the notation
in [12], we shall say that a set {x1, . . . , xk} in a Banach space X is completely
M -orthogonal if ∥∥∥
k∑
j=1
αjxj
∥∥∥ = max{‖αjxj‖ : 1 ≤ j ≤ k},
for every α1, . . . , αk in C. It is known that a subset {x1, . . . , xk} in the unit sphere
of a complex normed space X is completelyM -orthogonal if and only if the equality∥∥∥∥∥∥
k∑
j=1
λjxj
∥∥∥∥∥∥ = 1
holds for every λ1, . . . , λk in T = {λ ∈ C : |λ| = 1} (see [12, Lemma 3.4]). Actually
the following subtle variant of the last statement is required for later purposes.
Lemma 2.3. Suppose k ∈ N with k ≥ 2. Let {x1, . . . , xk} be a subset of the unit
sphere of a complex normed space X. Then {x1, . . . , xk} is completely M -orthogonal
if and only if the equality ∥∥∥∥∥∥
k∑
j=1
λjxj
∥∥∥∥∥∥ = 1
holds for λ1 = 1 and every λ2, . . . , λk in T = {λ ∈ C : |λ| = 1}.
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Proof. The “only if” implication follows from [12, Lemma 3.4]. For the “if” impli-
cation, let us take λ1, . . . , λk in T. By the assumptions we have
∥∥∥
k∑
j=1
λjxj
∥∥∥ = |λ1|
∥∥∥x1 +
k∑
j=2
λj
λ1
xj
∥∥∥ = 1.
Under this conditions, Lemma 3.4 in [12] gives the desired statement. 
The next result has been essentially borrowed from [12].
Proposition 2.4. [12, Propositions 3.3, 3.6, and 3.7] Let Γ be an infinite set, let X
be a complex Banach space, and let ∆ : S(ℓ∞(Γ))→ S(X) be a surjective isometry.
Then the following statements hold:
(a) For each n ∈ Γ and each λ ∈ T we have ∆(λen) ∈ {λ∆(en), λ∆(en)};
(b) If ∆(λen) = λ∆(en) (respectively, ∆(λen) = λ∆(en)) for some λ ∈ T\R, then
∆(µen) = µ∆(en) (respectively ∆(µen) = µ∆(en)) for all µ ∈ T, in this case
we define σn : C→ C, σn(α) := α (respectively, σn(α) := α) for all α ∈ C;
(c) Let n1, . . . , nk be different elements in Γ. Then the set {∆(en1), . . . ,∆(enk)} is
completely M -orthogonal, and the identity
k∑
j=1
σnj (αnj )∆(enj ) =
k∑
j=1
∆(αjenj) = ∆

 k∑
j=1
αjenj


holds for every α1, . . . , αk ∈ C\{0} with max{|α1|, . . . , |αk|} = 1. 
Let F be a finite subset of Γ. Let us take a subset {λj : j ∈ F} in T. It follows
from the above proposition that∥∥∥∥∥∥
∑
j∈F
λj∆(ej)
∥∥∥∥∥∥ =
∥∥∥∥∥∥∆

∑
j∈F
σj(λj)ej


∥∥∥∥∥∥ =
∥∥∥∥∥∥
∑
j∈F
σj(λj)ej
∥∥∥∥∥∥ = 1.
This can be applied to conclude that, in the case Γ = N the series
∑
n≥1
∆(en) is
weakly unconditionally Cauchy. We recall that a series
∑
n≥1
xn in a Banach space
X is called weakly unconditionally Cauchy (w.u.C.) if there exists C > 0 such that
for any finite subset F ⊂ N and εn ∈ T we have
∥∥∥∥∥
∑
n∈F
εnxn
∥∥∥∥∥ ≤ C, equivalently,
for each ϕ ∈ X∗ the series
∑
n≥1
|ϕ(xn)| converges (see [1, Theorem 6 in page 44]).
However, being w.u.C. is not enough to conclude that the series
∑
n≥1
∆(en) converges
to an element of X in an appropriate topology (we can consider, for example the
canonical basis in X = c0).
Elements a, b ∈ ℓ∞(Γ) are said to be orthogonal (written a ⊥ b) if ab = 0.
Our next result widens our knowledge on the image of two orthogonal elements
in S(ℓ∞(Γ)) under a surjective isometry onto the unit sphere of another Banach
space.
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Proposition 2.5. In the hypothesis of Proposition 2.4, let v be a partial isometry
in ℓ∞(Γ). Suppose that n1, . . . , nk are different elements in Γ such that v is or-
thogonal to en1 , . . . , enk . Then the set {∆(v),∆(en1), . . . ,∆(enk)} is completely M -
orthogonal. Furthermore, given α1, . . . , αk ∈ C\{0} with max{|α1|, . . . , |αk|} = 1,
we have
(1) ∆(v) +
k∑
j=1
σnj (αj)∆(enj ) = ∆(v) + ∆

 k∑
j=1
αjenj

 = ∆

v +
k∑
j=1
αjenj

 .
Proof. We observe that when v = 0 our result follows from Proposition 2.4. To
prove the first statement let us take λ1, . . . , λk in T. By Proposition 2.4 we have∥∥∥∥∥∥∆(v) +
k∑
j=1
σnj (λj)∆(enj )
∥∥∥∥∥∥ =
∥∥∥∥∥∥∆(v) −∆

−
k∑
j=1
λjenj


∥∥∥∥∥∥ =
∥∥∥∥∥∥v +
k∑
j=1
λjenj
∥∥∥∥∥∥ = 1.
Lemma 2.3 implies that the set {∆(v),∆(en1), . . . ,∆(enk)} is completely M -ortho-
gonal.
We consider now the second statement. Let us pick α1, . . . , αk ∈ C\{0} with
max{|α1|, . . . , |αk|} = 1. Since {∆(v),∆(en1), . . . ,∆(enk)} is completely M -ortho-
gonal, the element ∆(v)+
k∑
j=1
σnj (αj)∆(enj ) lies in the unit sphere of X . Therefore
there exists a function x ∈ S(ℓ∞(Γ)) satisfying ∆(x) = ∆(v) +
k∑
j=1
σnj (αj)∆(enj ).
We shall prove that x = v +
k∑
j=1
αjenj .
We shall argue by induction on k. However, prior to the induction argument, we
shall first establish some facts valid for an arbitrary k. Let us begin with an element
em such that em is orthogonal to v, en1 , . . . , enk . Since, by the first statement, the
set {∆(v),∆(en1), . . . ,∆(enk),∆(em)} is completely M -orthogonal, it follows from
Proposition 2.4 that
|x(m)±1|≤‖x±em‖=‖∆(x)±∆(em)‖=
∥∥∥∥∥∥∆(v) +
k∑
j=1
σnj (αj)∆(enj )±∆(em)
∥∥∥∥∥∥ = 1.
Consequently, |x(m) ± 1| ≤ 1, and hence x(m) = 0. That is
x(m) = 0, for all m ∈ Γ such that em ⊥ v, en1 , . . . , enk .
Take now m ∈ Γ such that |v(m)| = 1. Given ϕ ∈ supp(m, v(m)). Having in
mind that enj (m) = 0, for all 1 ≤ j ≤ k, Lemma 2.1 implies that
ϕ∆(x) = ϕ∆(v) +
k∑
j=1
σnj (αj)ϕ∆(enj ) = 1,
which proves that ∆(x) ∈ ϕ−1{1}∩S(X) = ∆(A(m, v(m))), and thus x(m) = v(m).
Similar arguments are also valid for all m ∈ {n1, . . . , nk} with |αm| = 1. Therefore,
x(m) = v(m), ∀m ∈ Γ with |v(m)| = 1, and x(m) = αm, ∀m ∈ {n1, . . . , nk} with
|αm| = 1.
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We have proved that if x is an element in S(ℓ∞(Γ)) with ∆(x) = ∆(v) +
k∑
j=1
σnj (αj)∆(enj ) then
(2) x(m) = 0, for all m ∈ Γ such that em ⊥ v, en1 , . . . , enk ,
and
(3) x(m) = v(m), ∀m ∈ Γ with |v(m)| = 1,
and x(m) = αm, ∀m ∈ {n1, . . . , nk} with |αm| = 1.
We prove now the identity in (1) by induction on k. Let us assume that k = 1.
If |α1| = 1, the desired equality follows from (3) above. We can therefore assume,
via (2) and (3), that 0 < |α1| < 1 and
∆(x) = ∆(v) + σn1(α1)∆(en1), and x = v + x(n1)en1 .
Having in mind that ∆(v) and ∆(en1) are completely M -orthogonal, we can find
y ∈ S(ℓ∞(Γ)) satisfying
∆(y) = ∆(v) +
σn1(α1)
|α1|
∆(en1).
By applying (2) and (3) we deduce that y = v + α1|α1|en1 . We also know that
1− |α1| =
∣∣∣∣σn1(α1)− σn1(α1)|α1|
∣∣∣∣ = ‖∆(x)−∆(y)‖ = ‖x− y‖ =
∣∣∣∣x(n1)− α1|α1|
∣∣∣∣ .
By Proposition 2.4 and the fact that ∆(v) and ∆(en1) are completelyM -orthogonal
we get
1 + |α1| =
∣∣∣∣σn1(α1) + σn1(α1)|α1|
∣∣∣∣ =
∥∥∥∥∆(x) + σn1(α1)|α1| ∆(en1)
∥∥∥∥ =
∥∥∥∥x+ α1|α1|en1
∥∥∥∥
= max
{
1,
∣∣∣∣x(n1) + α1|α1|
∣∣∣∣
}
=
∣∣∣∣x(n1) + α1|α1|
∣∣∣∣ .
The equalities
∣∣∣x(n1) + α1|α1|
∣∣∣ = 1+ |α1| and 1− |α1| =
∣∣∣x(n1)− α1|α1|
∣∣∣ prove x(n1) =
α1, as desired. The concludes the proof of the case k = 1.
Suppose, by the induction hypothesis, that (1) holds whenever n1, . . . , nm are
different elements in Γ with m ≤ k, and every partial isometry w orthogonal
to en1 , . . . , enm . Let us assume that n1, . . . , nk+1 are different elements in Γ,
and v is a non-zero partial isometry orthogonal to en1 , . . . , enk+1 . Since the set
{∆(v),∆(en1), . . . ,∆(enk+1)} is completelyM -orthogonal, there exists x ∈ S(ℓ∞(Γ))
with
∆(x) = ∆(v) +
k+1∑
j=1
σnj (αj)∆(enj ),
where α1, . . . , αk ∈ C\{0} with max{|α1|, . . . , |αk|} = 1.
By applying (2) and (3) we deduce that
(4) x = v +
k+1∑
j=1
x(nj)enj ,
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and x(nj) = αj if |αj | = 1. Therefore, if |αj0 | = 1 for some j0 ∈ {1, . . . , k + 1},
applying the induction hypothesis with k = 2 and k we have
∆(x) = ∆(v) + σnj0 (αj0)∆(enj0 ) +
k+1∑
j=1,j 6=j0
σnj (αj)∆(enj )
= ∆(v + αj0enj0 ) +
k+1∑
j=1,j 6=j0
σnj (αj)∆(enj ) = ∆

v + αj0enj0 +
k+1∑
j=1,j 6=j0
αjenj

 ,
because v+αj0enj0 is a partial isometry orthogonal to {enj : j 6= j0, j1}. This gives
the desired statement.
We can thus assume that |αj | < 1, for all 1 ≤ j ≤ k+1. Pick an arbitrary index
j0 ∈ {1, . . . , k + 1}. Arguing as above, we can find y ∈ S(ℓ∞(Γ)) with
∆(y) = ∆(v) +
σnj0 (αj0 )
|αj0 |
∆(enj0 ) +
k+1∑
j=1,j 6=j0
σnj (αj)∆(enj ).
Now, we mimic the arguments above to deduce that, since the set {∆(v),∆(en1),
. . . , ∆(enk+1)} is completely M -orthogonal, it follows from (2), (3) and the induc-
tion hypothesis that
(5) y = v +
αj0
|αj0 |
enj0 +
k+1∑
j=1,j 6=j0
αjenj .
Applying (4) and (5) and the fact that the set {∆(v),∆(en1), . . . ,∆(enk+1)} is
completely M -orthogonal, we get
1− |αj0 | =
∣∣∣∣σnj0 (αj0)− σnj0 (αj0)|αj0 |
∣∣∣∣ = ‖∆(x)−∆(y)‖ = ‖x− y‖
= max{|x(nj)−y(nj)| : 1 ≤ j0 ≤ k+1, j 6= j0}∨
∣∣∣∣x(nj0)− αj0|αj0 |
∣∣∣∣ ≥
∣∣∣∣x(nj0 )− αj0|αj0 |
∣∣∣∣ .
By Proposition 2.4 and the fact that the set {∆(v),∆(en1), . . . ,∆(enk+1)} is com-
pletely M -orthogonal we also obtain:
1 < 1 + |αj0 | =
∣∣∣∣σnj0 (αj0 ) + σnj0 (αj0 )|αj0 |
∣∣∣∣ =
∥∥∥∥∆(x) + σnj0 (αj0)|αj0 | ∆(enj0 )
∥∥∥∥
=
∥∥∥∥x+ αj0|αj0 |enj0
∥∥∥∥ = max
{
1,
∣∣∣∣x(nj0 ) + αj0|αj0 |
∣∣∣∣
}
=
∣∣∣∣x(nj0 ) + αj0|αj0 |
∣∣∣∣ .
By combining
∣∣∣x(nj0)− αj0|αj0 |
∣∣∣ ≤ 1 − |αj0 | and
∣∣∣x(nj0 ) + αj0|αj0 |
∣∣∣ = 1 + |αj0 | it can
be concluded that αj0 = x(nj0 ), which finished the induction argument and the
proof. 
Given an element a ∈ ℓ∞(Γ) and a scalar α in C we define α⊙ a as the element
in ℓ∞(Γ) whose kth component is (α⊙a)(k) = σk(α)a(k). Clearly λ⊙v is a partial
isometry when λ ∈ T and v is a partial isometry. Furthermore, α ⊙ a = αa for
every a ∈ ℓ∞(Γ) and α in R.
Lemma 2.6. In the hypothesis of Proposition 2.4, let v be a non-zero partial isom-
etry in ℓ∞(Γ). Then for each λ ∈ T we have λ∆(v) = ∆(λ⊙ v).
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Proof. Since λ∆(v) lies in the unit sphere of X , and ∆ is surjective, there exists
x ∈ ℓ∞(Γ) satisfying ∆(x) = λ∆(v). Applying that v is a non-zero partial isometry
we can find a non-empty subset Γ0 ⊆ Γ such that v =
∑
j∈Γ0
ξjej , where ξj ∈ T for
all j and the latter series converges in the weak∗-topology of ℓ∞(Γ). We shall show
that x = λ⊙ v =
∑
j∈Γ0
σj(λ)ξjej .
If m ∈ Γ\Γ0, by applying Proposition 2.4 we get
1 = ‖v ± em‖ = ‖∆(v) ±∆(em)‖ = ‖∆(x)± λ∆(em)‖ = ‖∆(x) −∆(∓σm(λ)em)‖
= ‖x± σm(λ)em‖ = max{ sup
j∈Γ0
{|x(j)|}, |x(m) ± σm(λ)|},
which implies that |x(m)± σm(λ)| ≤ 1, and consequently x(m) = 0.
Now, take m ∈ Γ0. By Propositions 2.5 and 2.4 we know that
∆(x) = λ∆(v − ξmem) + λ∆(ξmem) = λ∆(v − ξmem) + ∆(σm(λ)ξmem).
Pick φ ∈ supp(m,σm(λ)ξm). Since (v−ξmem)(m) = 0, it follows from the properties
defining the support (compare Lemma 2.1) that
φ∆(x) = λφ∆(v) = λφ∆(v − ξmem) + φ∆(σm(λ)ξmem) = 0 + 1,
which shows that φ∆(x) = 1, and hence
∆(x) ∈ φ−1{1} ∩ S(X) = ∆(A(m,σm(λ)ξm),
witnessing that x(m) = σm(λ)ξm, which concludes the proof. 
We can now prove that a surjective isometry ∆ : S(ℓ∞(Γ))→ S(X) maps finite
sets of mutually orthogonal non-zero partial isometries to completelyM -orthogonal
sets.
Proposition 2.7. In the hypothesis of Proposition 2.4, let v1, . . . , vk be mutually
orthogonal non-zero partial isometries in ℓ∞(Γ). Then the set {∆(v1), . . . ,∆(vk)}
is completely M -orthogonal, and the identity
(6)
k∑
j=1
αj∆(vj) = ∆

 k∑
j=1
αj ⊙ vj

 ,
holds for every α1, . . . , αk ∈ C\{0} with max{|α1|, . . . , |αk|} = 1.
Proof. We shall first show that the set {∆(v1), . . . ,∆(vk)} is completely M -ortho-
gonal. We argue by induction on k. We observe that the case k = 1 is clear. We
consider the case k = 2. Let λ1, λ2 be elements in T. By Lemma 2.6 and the
hypothesis on ∆ we have
‖λ1∆(v1) + λ2∆(v2)‖ = ‖∆(λ1 ⊙ v1)−∆(−λ2 ⊙ v2)‖ = ‖λ1 ⊙ v1 + λ2 ⊙ v2‖ = 1.
Lemma 3.4 in [12] proves that {∆(v1),∆(v2)} is completely M -orthogonal.
We claim that,
(7) λ1∆(v1) + λ2∆(v2) = ∆(λ1 ⊙ v1 + λ2 ⊙ v2),
for all λ1, λ2 in T. Namely, since {∆(v1),∆(v2)} is completely M -orthogonal, the
element λ1∆(v1)+λ2∆(v2) belongs to S(X), and thus we can find x ∈ S(ℓ∞(Γ) with
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∆(x) = λ1∆(v1) + λ2∆(v2). Let us find two non-empty disjoint subsets Γ1,Γ2 ⊆ Γ
such that vj =
∑
k∈Γj
ξkek for j = 1, 2, where ξk ∈ T for all k ∈ Γj .
Pick m ∈ Γ\(Γ1 ∪ Γ2). In this case, by applying Proposition 2.5, we get
|x(m)± λ1| ≤ ‖x± λ1em‖ = ‖∆(x) ± σm(λ1)∆(em)‖
= ‖λ1∆(v1) + λ2∆(v2)± σm(λ1)∆(em)‖ = ‖∆(λ1 ⊙ v1 + λ1em)−∆(−λ2 ⊙ v2)‖
= ‖λ1 ⊙ v1 + λ1em + λ2 ⊙ v2‖ = 1,
where in the antepenultimate equality we have applied Proposition 2.5. This shows
that |x(m) ± λ1| ≤ 1, and hence x(m) = 0.
Take now m ∈ Γ1. Proposition 2.5 also shows that
∆(x) = λ1∆(v1) + λ2∆(v2) = λ1∆(v1 − ξmem) + λ1∆(ξmem) + λ2∆(v2)
= λ1∆(v1 − ξmem) + ∆(σm(λ1)ξmem) + λ2∆(v2).
Take ϕ ∈ supp(m,σm(λ1)ξm). Since (v1 − ξmem)(m) = v2(m) = 0, Lemma 2.1
assures that
ϕ∆(x) = λ1ϕ∆(v1 − ξmem) + ϕ∆(σm(λ1)ξmem) + λ2ϕ∆(v2) = 1,
which proves that ∆(x) ∈ ϕ−1{1}∩S(X) = ∆(A(m,σm(λ1)ξm)), and thus x(m) =
σm(λ1)ξm. Similar arguments show that x(m) = σm(λ1)ξm for all m ∈ Γ2. This
finishes the proof of (7).
We resume now the induction argument. We may assume that k ≥ 2. Let us
assume that v1, . . . , vk, vk+1 are mutually orthogonal non-zero partial isometries in
ℓ∞(Γ), and suppose that λ1, . . . , λk+1 are elements in T. By applying (7) and the
induction hypothesis we deduce that∥∥∥∥∥∥
k+1∑
j=1
λj∆(ej)
∥∥∥∥∥∥ =
∥∥∥∥∥∥∆(λ1 ⊙ v1 + λ2 ⊙ v2) +
k+1∑
j=3
λj∆(ej)
∥∥∥∥∥∥ = 1,
because λ1⊙ v1+λ2⊙ v2 is a partial isometry in ℓ∞(Γ). Lemma 3.4 in [12] implies
that the set {∆(v1), . . . ,∆(vk+1)} is completely M -orthogonal, which finishes the
induction argument.
We shall next prove the equality in (6). We argue by induction on k. In the
case k = 1, we know that |α1| = 1, and hence the desired statement follows from
Lemma 2.6.
Take k ≥ 2, and let us assume, by the induction hypothesis, that (6) is true
when the number of non-zero partial isometries is smaller than or equal to k − 1.
We take α1, . . . , αk in C\{0} with max{|α1|, . . . , |αk|} = 1. It follows from the
first statement of this proposition that the set {∆(v1), . . . ,∆(vk)} is completely
M -orthogonal. Therefore the element
k∑
j=1
αj∆(vj) lies in the unit sphere of X, and
hence there exists x in S(ℓ∞(Γ)) satisfying ∆(x) =
k∑
j=1
αj∆(vj).
10 A.M. PERALTA
Suppose there exists two different indices j1 6= j2 in {1, . . . , k} with |αj1 | =
|αj2 | = 1. Having in mind that αj1 ⊙ vj1 +αj2 ⊙ vj2 is a partial isometry, we apply
(7) and the induction hypothesis to deduce the following
∆(x) = αj1∆(vj1 ) + αj2∆(vj2) +
k∑
j=1,j 6=j1,j2
αj∆(vj)
= ∆(αj1 ⊙ vj1 + αj2 ⊙ vj2) +
k∑
j=1,j 6=j1,j2
αj∆(vj)
= ∆

αj1 ⊙ vj1 + αj2 ⊙ vj2 +
k∑
j=1,j 6=j1,j2
αj ⊙ vj

 .
Therefore
x = αj1 ⊙ vj1 + αj2 ⊙ vj2 +
k∑
j=1,j 6=j1,j2
αj ⊙ vj .
We can therefore assume the existence of a unique j0 in {1, . . . , k} such that
|αj0 | = 1. We pick another j1 ∈ {1, . . . , k} with j1 6= j0. Since the set {∆(v1), . . . ,
∆(vk)} is completely M -orthogonal, there exists y ∈ S(ℓ∞(Γ)) satisfying
∆(y) = αj0∆(vj0) +
αj1
|αj1 |
∆(vj1 ) +
k∑
j=1
αj∆(vj).
Having in mind that |αj0 | = 1 =
αj1
|αj1 |
, by the arguments in the previous paragraph
we have
y = αj0 ⊙ vj0 +
αj1
|αj1 |
⊙ vj1 +
k∑
j=1,j 6=j0,j1
αj ⊙ vj .
On the other hand, since v1, . . . , vk are mutually orthogonal non-zero partial
isometries, there exist non-empty disjoint subsets Γ1, . . . ,Γk ⊆ Γ such that vj =∑
m∈Γj
ξmem for j = 1, . . . , k, where ξm ∈ T for all m ∈ Γj .
Let us now pick m ∈ Γj1 . By applying that {∆(v1), . . . , ∆(vk)} is a completely
M -orthogonal set we get
(8) 1− |αj1 | =
∣∣∣∣αj1 − αj1|αj1 |
∣∣∣∣ = ‖∆(x)−∆(y)‖ = ‖x− y‖ ≥
∣∣∣∣x(m) − σm(αj1 )|αj1 | ξm
∣∣∣∣ .
By similar arguments, Proposition 2.5, Lemma 2.6, and the fact that the set
{∆(vj1 − ξmem),∆(ξmem), } ∪ {∆(vj1 ) : 1 ≤ j ≤ k, j1 6= j}
is completely M -orthogonal, can be applied to get
(9)
∣∣∣∣x(m) + σm(αj1 )|αj1 | ξm
∣∣∣∣ ≤
∥∥∥∥x+ σm(αj1 )|αj1 | ξmem
∥∥∥∥ =
∥∥∥∥∆(x) + αj1|αj1 |∆(ξmem)
∥∥∥∥
=
∥∥∥∥∥∥αj1∆(vj1 − ξmem) + αj1∆(ξmem) +
k∑
j=1,j 6=j1
αj∆(vj) +
αj1
|αj1 |
∆(ξmem)
∥∥∥∥∥∥
= max{|αj| : j 6= j1} ∨
∣∣∣∣αj1 + αj1|αj1 |
∣∣∣∣ = 1 + |αj1 |.
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Combining (8) and (9) we establish that x(m) = σm(αj1)ξm. The arbitrariness of
j1 and m ∈ Γ1 assures that
x =
k∑
j=1
∑
m∈Γj
σm(αj1 )ξmem =
k∑
j=1
αj ⊙

∑
m∈Γj
ξmem

 =
k∑
j=1
αj ⊙ vj ,
which concludes the induction argument and the proof. 
We are now in position to prove the main result of this note.
Proof of Theorem 1.1. Let ∆ : S(ℓ∞(Γ)) → S(X) be a surjective linear isometry.
We consider the homogeneous extension F : ℓ∞(Γ)→ X , defined by F (0) = 0 and
F (x) = ‖x‖∆( 1‖x‖x) for all x ∈ X\{0}.
Let us fix an arbitrary set {v1, . . . , vk} of mutually orthogonal non-zero partial
isometries in ℓ∞(Γ). Suppose that a, b ∈ ℓ∞(Γ)\{0} can be written in the form
a =
k∑
j=1
αj⊙vj , b =
k∑
j=1
βj⊙vj , where αj , βj ∈ C\{0}. If a−b = 0, then Proposition
2.7 assures that F (a) = 1‖a‖∆(a) =
1
‖a‖ (−∆(−a)) = −
1
‖b‖∆(b) = −F (b), and hence
F (a+ b) = 0 = F (a) + F (b).
Let us assume that a+ b 6= 0. By definition and Proposition 2.7 we have
F (a) = ‖a‖∆
(
1
‖a‖
a
)
= ‖a‖∆

 k∑
j=1
αj
‖a‖
⊙ vj


= ‖a‖
k∑
j=1
αj
‖a‖
∆(vj) =
k∑
j=1
αj∆(vj),
F (b) = ‖b‖∆
(
1
‖b‖
b
)
= ‖b‖∆

 k∑
j=1
βj
‖b‖
⊙ vj

 =
k∑
j=1
βj∆(vj),
F (a+b) = ‖a+b‖∆
(
1
‖a+ b‖
(a+ b)
)
= ‖a+b‖∆

 k∑
j=1
αj + βj
‖a+ b‖
⊙ vj

 =
k∑
j=1
(αj+βj)∆(vj).
Therefore, F (a) + F (b) = F (a) + F (b).
Let us observe that, given a, b ∈ ℓ∞(Γ)\{0}, we have
‖F (a)− F (b)‖ =
∥∥∥∥‖a‖∆
(
1
‖a‖
a
)
− ‖b‖∆
(
1
‖b‖
b
)∥∥∥∥
≤ ‖a‖
∥∥∥∥∆
(
1
‖a‖
a
)
−∆
(
1
‖b‖
b
)∥∥∥∥+
∥∥∥∥∆
(
1
‖b‖
b
)∥∥∥∥ ‖a− b‖
= ‖a‖
∥∥∥∥ 1‖a‖a−
1
‖b‖
b
∥∥∥∥+ ‖a− b‖ ≤ 3‖a− b‖,
and then F is a Lipschitz mapping.
Finally, given a, b ∈ ℓ∞(Γ)\{0} and ε > 0 we can find a set {v1, . . . , vk} of
mutually orthogonal non-zero partial isometries and α1, β1, . . . , αk, βk ∈ C\{0}
such that ‖a− ak‖ < ε and ‖b− bk‖ < ε, where ak =
k∑
j=1
αj ⊙ vj , and bk =
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k∑
j=1
βj ⊙ vj . Since, by the arguments in the first part of this proof, we know that
F (ak + bk) = F (ak) + F (bk), and F is a Lipschitz mapping, we deduce, from the
arbitrariness of ε > 0, that F (a + b) = F (a) + F (b) for all a, b ∈ ℓ∞(Γ), which
concludes the proof. 
Acknowledgements Author partially supported by the Spanish Ministry of
Economy and Competitiveness (MINECO) and European Regional Development
Fund project no. MTM2014-58984-P and Junta de Andaluc´ıa grant FQM375.
References
[1] J. Diestel, Sequences and series in Banach spaces, Graduate Texts in Mathematics, 92.
Springer-Verlag, New York, 1984.
[2] G.G. Ding, The 1-Lipschitz mapping between the unit spheres of two Hilbert spaces can be
extended to a real linear isometry of the whole space, Sci. China Ser. A 45, no. 4, 479-483
(2002).
[3] G.G. Ding, The isometric extension problem in the spheres of lp(Γ) (p > 1) type spaces, Sci.
China Ser. A 46, 333-338 (2003).
[4] G.G. Ding, The representation theorem of onto isometric mappings between two unit spheres
of l∞-type spaces and the application on isometric extension problem, Sci. China Ser. A 47,
722-729 (2004).
[5] G.G. Ding, The representation theorem of onto isometric mappings between two unit spheres
of l1(Γ) type spaces and the application to the isometric extension problem, Acta. Math. Sin.
(Engl. Ser.) 20, 1089-1094 (2004).
[6] G.G. Ding, The isometric extension of the into mapping from a L∞(Γ)-type space to some
Banach space, Illinois J. Math. 51 (2), 445-453 (2007).
[7] F.J. Ferna´ndez-Polo, J.J. Garce´s, A.M. Peralta, I. Villanueva, Tingley’s problem for spaces of
trace class operators, Linear Algebra Appl. 529, 294-323 (2017).
[8] F.J. Ferna´ndez-Polo, A.M. Peralta, Low rank compact operators and Tingley’s problem,
preprint 2016. arXiv:1611.10218v1
[9] F.J. Ferna´ndez-Polo, A.M. Peralta, On the extension of isometries between the unit spheres
of a C∗-algebra and B(H), to appear in Trans. Amer. Math. Soc. arXiv:1701.02916v1
[10] F.J. Ferna´ndez-Polo, A.M. Peralta, Tingley’s problem through the facial structure of an
atomic JBW∗-triple, J. Math. Anal. Appl. 455, 750-760 (2017).
[11] F.J. Ferna´ndez-Polo, A.M. Peralta, On the extension of isometries between the unit spheres
of von Neumann algebras, preprint 2017. arXiv:1709.08529v1
[12] A. Jime´nez-Vargas, A. Morales-Campoy, A.M. Peralta, M.I. Ramı´rez, The Mazur-Ulam prop-
erty for the space of complex null sequences, preprint 2017. arXiv:1708.08538v2
[13] V. Kadets, M. Mart´ın, Extension of isometries between unit spheres of infite-dimensional
polyhedral Banach spaces, J. Math. Anal. Appl. 396, 441-447 (2012).
[14] R. Liu, On extension of isometries between unit spheres of L∞(Γ)-type space and a Banach
space E, J. Math. Anal. Appl. 333, 959-970 (2007).
[15] A.M. Peralta, R. Tanaka, A solution to Tingley’s problem for isometries between the unit
spheres of compact C∗-algebras and JB∗-triples, preprint 2016. arXiv:1608.06327v1.
[16] D. Tan, Extension of isometries on unit sphere of L∞, Taiwanese J. Math. 15, 819-827
(2011).
[17] D. Tan, On extension of isometries on the unit spheres of Lp-spaces for 0 < p ≤ 1, Nonlinear
Anal. 74, 6981-6987 (2011).
[18] D. Tan, Extension of isometries on the unit sphere of Lp-spaces, Acta. Math. Sin. (Engl.
Ser.) 28, 1197-1208 (2012).
[19] R. Tanaka, The solution of Tingley’s problem for the operator norm unit sphere of complex
n× n matrices, Linear Algebra Appl. 494, 274-285 (2016).
[20] R. Tanaka, Spherical isometries of finite dimensional C∗-algebras, J. Math. Anal. Appl. 445,
no. 1, 337-341 (2017).
ℓ∞(Γ) SATISFIES THE MAZUR-ULAM PROPERTY 13
[21] R. Tanaka, Tingley’s problem on finite von Neumann algebras, J. Math. Anal. Appl. 451,
319-326 (2017).
[22] D. Tingley, Isometries of the unit sphere, Geom. Dedicata 22, 371-378 (1987).
[23] R.S. Wang, Isometries between the unit spheres of C0(Ω) type spaces, Acta Math. Sci. (Eng-
lish Ed.) 14, no. 1, 82-89 (1994).
Departamento de Ana´lisis Matema´tico, Facultad de Ciencias, Universidad de Granada,
18071 Granada, Spain.
E-mail address: aperalta@ugr.es
